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RIEMANNIAN FOLIATIONS OF BOUNDED GEOMETRY
JESU´S A. A´LVAREZ LO´PEZ, YURI A. KORDYUKOV, AND ERIC LEICHTNAM
Abstract. Continuing the study of bounded geometry for Riemannian
foliations, begun by Sanguiao, we introduce a chart-free definition of this
concept. Our main theorem states that it is equivalent to a condition
involving certain normal foliation charts. For this type of charts, it is also
shown that the derivatives of the changes of coordinates are uniformly
bounded, and there are nice partitions of unity. Applications to a trace
formula for foliated flows will given in a forthcoming paper.
1. Introduction
Bounded geometry has played an important role in global analysis on
non-compact manifolds. Recall that a Riemannian manifold M is said to be
of bounded geometry if it has positive injectivity radius and all covariant
derivatives of its curvature tensor are uniformly bounded; in particular, M
is complete. It also has a chart characterization: M is of bounded geometry
if and only if there are normal coordinates at each point p, whose image
is an Euclidean ball B independent of p, and such that the corresponding
Christoffel symbols Γijk, as a family of functions on B parametrized by i, j,
k and p, lie in a bounded set of the Fre´chet space C∞(B). In this character-
ization, the Cristoffel symbols can be replaced by the metric coefficients gij .
This was first proved by Eichhorn [7]. A different proof was indicated by
Roe [11], using Rauch comparison theorem and integrating the differential
equations that relate the curvature and the Christoffel symbols or metric
coefficients [3, Appendix], [4]. The details of this proof are rather involved
and were given by Schick [14, 15].
In fact, Schick studied bounded geometry for manifolds with boundary.
In this case, besides the curvature and injectivity radius of the manifold,
the chart-free definition also involves the curvature, second fundamental
form and injectivity radius of the boundary, and the “normal radius” of a
geodesic collar of the boundary. Moreover, besides normal coordinates at
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interior points, its chart characterization also involves the coordinates given
by a geodesic collar of the boundary.
For geometric structures on open manifolds that involve a metric, one may
try to give a chart-free definition of bounded geometry by requiring some
condition analogous to a positive injectivity radius (well adapted to the
structure), and uniform bounds of the covariant derivatives of the tensors
that describe the structure (including the curvature). The corresponding
chart characterization should involve some version of normal coordinates
canonically associated to the geometric structure.
An example of such generalization is the case of bounded geometry for Rie-
mannian foliations, which was introduced by Sanguiao [13, Definition 2.7].
It was used to extend certain analysis on Riemannian foliations to the case of
open manifolds. But Sanguiao’s definition is of chart type, and a chart-free
counterpart was missing.
We give a chart-free definition of bounded geometry for Riemannian foli-
ations in the following way. This class of foliations is characterized by being
locally defined by Riemannian submersions for some metric on the ambient
manifold (a bundle-like metric). These local Riemannian submersions are
described by the O’Neill tensors [9, Theorem 4], which can be combined
to define global O’Neill tensors. Thus our definition requires the existence
of uniform bounds of all covariant derivatives of the curvature and O’Neill
tensors, and positivity of certain leafwise and transverse versions of the in-
jectivity radius.
Let us give some examples of Riemannian foliations that have bounded
geometry for some bundle-like metric. The lifts of Riemannian foliations
on compact manifolds to any connected covering have bounded geometry.
Given a connected Lie group H, a connected normal Lie subgroup L ⊂ H,
and a discrete subgroup Γ ⊂ H, the induced foliation on the homogeneous
space Γ\H, whose leaves are the projections of the translates of L, has
bounded geometry. Given any codimension one foliation almost without
holonomy on a compact manifold, with a finite number of compact leaves
with non-trivial holonomy group, its restriction to the complement of those
leaves has bounded geometry.
Our main theorem (Theorem 8.3) establishes the equivalence of this condi-
tion to a foliation chart characterization, which uses the metric coefficients
with respect to what we call normal foliation coordinates. These coordi-
nates, centered at a point p, are defined by taking geodesics orthogonal to
the leaves emanating from p, defining a local transversal, and then taking
geodesics in the leaves emanating from each point of this local transversal.
The proof follows the arguments of Schick. An important ingredient in the
proof is a certain version of Jacobi fields, called adapted Jacobi fields. They
are infinitesimal variations of leafwise geodesics in the ambient manifold,
where leafwise geodesics are geodesics of the leaves, considered as curves in
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the ambient manifold. The key result about adapted Jacobi fields (Proposi-
tion 5.6) states that they are bounded in terms of the initial condition, the
parameter, and the curvature and O’Neill tensors.
Two more well known results about bounded geometry are generalized
to our setting: it is proved that the changes of coordinates of these normal
foliation charts have uniformly bounded derivatives, and there are partitions
of unity with uniformly bounded derivatives subordinated to an appropriate
covering by domains of normal foliation coordinates.
2. Preliminaries
Let F be a smooth foliation on a (possibly non-compact) manifold M ,
and set n′ = codimF , n′′ = dimF and n = dimM = n′ + n′′. Let us recall
and fix the following familiar terminology and notation. The leaf through
some point p is usually denoted by Lp. Let TF ⊂ TM be the subbundle of
vectors tangent to the leaves, which is called tangent or vertical bundle of F .
Then NF = TM/TF is the bundle of vectors normal to the leaves, called
the normal bundle of F . This gives rise to the concept of vertical/normal
vectors, vector fields and local frames. Let X(M) denote the Lie algebra and
C∞(M)-module of tangent vector fields on M . The vertical vector fields
form a Lie subalgebra and C∞(M)-submodule X(F) ⊂ X(M). The normal
vector (or normal vector field) induced by the projection of any tangent
vector (or tangent vector field) X will be denoted by X . For any smooth
local transversal Σ of F through a point p, there is a canonical isomorphism
TpΣ ∼= NpF . In the sequel, the notation Σ, with possible subindices, will be
used for a smooth local transversal or the local quotient of a foliation chart,
or a disjoint union of such objects.
The normal bundle NF has a flat TF-partial connection ∇F given by
∇FVX = [V,X] for V ∈ X(F) and X ∈ X(M). For each path c from p
to q in a leaf, the corresponding holonomy transformation hc is defined
between smooth local transversals through p and q, and its differential can
be considered as an isomorphism hc∗ : NpF → NqF , called the infinitesimal
holonomy of c. This hc∗ equals the ∇
F -parallel transport along c.
The normalizer X(M,F) of X(F) in X(M) consists of the tangent vector
fields whose flows are foliated in the sense that they map leaves to leaves;
these vector fields are called infinitesimal transformations of (M,F). The
quotient Lie algebra X(M,F) = X(M,F)/X(F) can be identified with the
space of the ∇F -parallel normal vector fields (those that are invariant by
all infinitesimal holonomy transformations). The element of X(M,F) rep-
resented by any X ∈ X(M,F) is also denoted by X.
Let {Ua, πa, hab} be a defining cocycle of F ; here, the sets Ua are distin-
guished open sets (domains of foliation charts) that form a covering ofM , the
maps πa : Ua → Σa are the submersions whose fibers are the plaques, which
will be called distinguished submersions, and the maps hab : πa(Uab) →
πb(Uab) are the elementary holonomy transformations determined by the
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condition habπa = πb on Uab = Ua ∩ Ub. Let H be the representative of
the holonomy pseudogroup on Σ =
⊔
aΣa generated by the maps hab. Let
X(Σ,H) ⊂ X(Σ) be the Lie subalgebra consisting ofH-invariant vector fields.
Then X(M,F) consists of the vector fields X ∈ X(M) that can be projected
by the distinguished submersions πa, defining an element of X(Σ,H), also de-
noted by X. This assignment induces an isomorphism X(M,F) ∼= X(Σ,H),
which may be considered as an identity.
It is said that F is Riemannian when there is an H-invariant Riemannian
metric on Σ. This is equivalent to the existence of a∇F -parallel Riemannian
structure on NF . It also means that there is a Riemannian metric on M ,
called bundle-like, which induces a metric on Σ so that each πa : Ua → Σa
is a Riemannian submersion.
From now on, F will be assumed to be Riemannian, andM equipped with
a bundle-like metric g = ( , ). Let ∇ denote its Levi-Civita connection, and
R its curvature. The vector subbundle TF⊥ ⊂ TM is called horizontal , giv-
ing rise to the concepts of horizontal vectors, vector fields and local frames.
Let V : TM → TF and H : TM → TF⊥ denote the orthogonal projec-
tions. The Levi-Civita connection of the leaves can be combined to define a
TF-partial connection of TF , also denoted by ∇F . The H-invariant metric
induced by g on Σ will be denoted by gˇ, and the corresponding Levi-Civita
connection and exponential map by ∇ˇ and ˇexp.
3. O’Neill tensors and adapted connection
Only in this section, we will use the notation V and W for arbitrary
vertical vector fields, X and Y for arbitrary horizontal vector fields, and
E, F , G and H for arbitrary vector fields. The O’Neill tensors [9] of the
Riemannian submersions πa combine to produce (1, 2)-tensors T and A on
M ; they are defined by
TEF = H∇VE(VF ) +V∇VE(HF ) ,
AEF = H∇HE(VF ) +V∇HE(HF ) .
On the other hand, the expression
∇˚EF = V∇E(VF ) +H∇E(HF )
defines a linear connection ∇˚ [2], which is said to be adapted . Observe that
∇V − ∇˚V = TV , ∇X − ∇˚X = AX . (1)
It is easy to check that ∇˚ is Riemannian; thus ∇˚ = ∇ if and only if ∇˚ is
torsion-free. In fact, the torsion T˚ of ∇˚ is given by
T˚ (V,W ) = 0 , T˚ (X,Y ) = −2AXY , (2)
T˚ (X,V ) = −T˚ (V,X) = TVX − AXV . (3)
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By using (1), and since∇ is torsion free andV[X,Y ] = 2AXY [9, Lemma 2],
it easily follows that the curvature tensor R˚ of ∇˚ satisfies
(R˚ −R)(V,W ) = −(∇V T)W + (∇WT)V + [TV ,TW ] , (4)
(R˚−R)(X,Y ) = −(∇XA)Y + (∇Y A)X + [AX ,AY ] + TV[X,Y ] , (5)
(R˚ −R)(X,V ) = −(∇XT)V + (∇V A)X − TTV X + AAXV + [AX ,TV ] . (6)
R˚(E,F ) preserves the subspace of vertical/horizontal vector fields because
∇˚E preserves it. Since ∇˚ is Riemannian, the usual arguments [5, Chapter 4,
Proposition 2.5-(c)] show that
(R˚(E,F )G,H) = −(R˚(E,F )H,G) . (7)
Note that
∇FVW = ∇˚VW , (8)
∇FVX = ∇˚VX − AXV , (9)
where ∇F denotes the TF-partial connection on TF and NF defined in
Section 2. Equation (9) follows by taking local references of TF⊥ consisting
of local infinitesimal transformations, and using that ∇˚VX = AXV if X is
a horizontal infinitesimal transformation by [9, Lemma 3].
By (8), the ∇˚-geodesics that are tangent to the leaves at some point
remain tangent to the leaves at every point, and they are the geodesics of
the leaves. So the leaves are ∇˚-totally geodesic, but not necessarily ∇-totally
geodesic, of course. By the second equality of (1) and [9, Lemma 2], ∇˚ and
∇ have the same geodesics orthogonal to the leaves.
The connection ∇˘ = ∇˚− 12 T˚ has the same geodesics as ∇˚, and is torsion-
free but not Riemannian. We have
∇˘VW = ∇VW − TVW , ∇˘XY = ∇XY ,
∇˘XV = ∇XV −
1
2
(TVX + AXV ) ,
∇˘VX = ∇VX −
1
2
(TVX + AXV ) .
As usual, ∇˚ and ∇˘ induce connections on all tensor bundles over M .
Observe that the expression θXV = V[X,V ] defines a differential operator
θ : X(F)→ C∞(M ;TF⊥∗⊗ TF); indeed, by using that ∇ is torsion free, it
follows that
θXV = ∇˚XV − TVX . (10)
4. Adapted exponential map
Let ˚exp be the exponential map of the geodesic spray of ∇˚ [10, pp. 96–99],
which can be called adapted exponential map. If ∇˚ is complete, then ˚exp
is defined on the whole of TM . Observe that the exponential map of the
leaves is given by the restriction of ˚exp to TF .
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For each p ∈M , ˚exp defines a diffeomorphism of some open neighborhood
V of 0 in TpM to some open neighborhoodO of p inM . Suppose that p ∈ Ua.
Then, by taking V small enough, we can suppose that O ⊂ Ua. The map ˇexp
restricts to a diffeomorphism of some open neighborhood Vˇ of 0 in Tpia(p)Σ
to some neighborhood Oˇ of πa(p) in Σ. If V is again small enough, then we
can assume that πa∗(V ) ⊂ Vˇ and πa(O) ⊂ Oˇ. From [9, Lemma 1-(3)], it
follows that, on V ,
πa ˚exp = ˇexp πa∗ . (11)
Proposition 4.1. For E,F ∈ V , we have E−F ∈ TpF if and only if ˚expE
and ˚expF are in the same plaque.
Proof. Since ˇexp is injective on Vˇ and by (11), we get
E − F ∈ TpF ⇐⇒ πa∗E = πa∗F ⇐⇒ ˇexp πa∗E = ˇexpπa∗F
⇐⇒ πa ˚expE = πa ˚expF . 
5. Adapted Jacobi fields
Let γ : [a, b]→M (a ≤ b) be a fixed ∇˚-geodesic in some leaf of F , which
will be called a leafwise geodesic, and let X(M,γ) denote the linear space of
tangent vector fields of M along γ. Some X ∈ X(M,γ) is called an adapted
Jacobi field if
∇˚γ˙∇˚γ˙X − R˚(γ˙,X)γ˙ − ∇˚γ˙(T˚ (γ˙,X)) = 0 , (12)
∇˚γ˙(a)X − T˚ (γ˙(a),X(a)) ∈ Tγ(a)F . (13)
This type of vector fields forms a linear subspace J (M,F , γ) ⊂ X(M,γ).
Proposition 5.1. ∇˚γ˙X − T˚ (γ˙,X) is vertical for all X ∈ J (M,F , γ).
Proof. With Y = ∇˚γ˙X − T˚ (γ˙,X), the conditions (12) and (13) become
∇˚γ˙Y − R˚(γ˙,X)γ˙ = 0 , Y (a) ∈ Tγ(a)F . (14)
Let {e1, . . . , en} be a ∇˚-parallel orthonormal frame of TM along γ so that ei
is vertical if i > n′. Write1 Y = Y iei with Y
i ∈ C∞([a, b]). Since R˚(γ˙,X)γ˙
is vertical, it follows from (14) that Y˙ i = 0 and Y i(a) = 0 if i ≤ n′. So
Y i = 0 for i ≤ n′, obtaining that Y is vertical. 
Corollary 5.2. ∇Fγ˙ X = 0 for all X ∈ J (M,F , γ).
Proof. By (2) and (3),
∇˚γ˙X − T˚ (γ˙,X) = ∇˚γ˙VX + ∇˚γ˙HX − T˚ (γ˙,VX) − T˚ (γ˙,HX)
= ∇˚γ˙VX + ∇˚γ˙HX − AHX γ˙ + Tγ˙HX ,
where ∇˚γ˙VX and Tγ˙HX are vertical, and ∇˚γ˙HX and AHX γ˙ are horizontal.
So ∇˚γ˙HX − AHX γ˙ = 0 by Proposition 5.1, giving ∇
F
γ˙ X = ∇
F
γ˙ HX = 0
by (9). 
1In products, we use the convention that repeated indices are summed.
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Corollary 5.3. The function |HX| is constant for all X ∈ J (M,F , γ).
Proof. This follows from Corollary 5.2 since the metric induced by g on NF
is ∇F -parallel. 
Proposition 5.4. For all X0 ∈ Tγ(a)M and Y0 ∈ Tγ(a)F , there is a unique
X ∈ J (M,F , γ) such that
X(a) = X0 , ∇˚γ˙(a)X − T˚ (γ˙(a),X0) = Y0 . (15)
Proof. Without loss of generality, we can assume that γ is parametrized by
arc length. Then we can choose {e1, . . . , en}, like in the proof of Propo-
sition 5.1, so that en = γ˙. Write R˚(ek, el)ej = R˚
i
jkl ei, T˚ (ek, el) = T˚
i
kl ei,
X0 = X
i
0 ei(a) and Y0 = Y
i
0 ei(a) with R˚
i
jkl, T˚
i
kl ∈ C
∞([a, b]) and Xi0, Y
i
0 ∈ R.
For X = Xiei ∈ X(M,γ) (X
i ∈ C∞([a, b])), (12) and (15) become
X¨i − T˚ inj X˙
j − (R˚innj + T˚
i
nj)X
j = 0 ,
Xi(a) = Xi0 , X˙
i(a) = Y i0 +X
j
0 T˚
i
nj(a) .
By the basic ODE theory, this system of differential equations has a unique
solution (X1, . . . ,Xn). So there is a unique X ∈ X(M,γ) satisfying (12)
and (15). Moreover X satisfies (13) because Y0 ∈ Tγ(a)F . 
Proposition 5.4 means that the mapping
X 7→ (X(a), ∇˚γ˙(a)X − T˚ (γ˙(a),X(a)))
defines a linear isomorphism J (M,F , γ) → Tγ(a)M ⊕ Tγ(a)F , and therefore
dimJ (M,F , γ) = n+ n′′.
A leafwise geodesic variation of γ is a smooth map f : [a, b]×(−ǫ, ǫ) →M ,
for some ǫ > 0, such that each curve γs = f(·, s) is a leafwise geodesic, with
γ0 = γ. The variation field of f , X ∈ X(M,γ), is defined by
X(t) = ∂sf(t, s)|s=0 .
Proposition 5.5. J (M,F , γ) consists of the variation fields of leafwise
geodesic variations of γ.
Proof. Suppose that X ∈ X(M,γ) is the variation field of a leafwise geodesic
variation f : [a, b] × (−ǫ, ǫ) → M of γ. Let (t, s) denote the canonical
coordinates of [a, b]× (−ǫ, ǫ). Observe that
∇˚∂tf∂sf − T˚ (∂tf, ∂sf) = ∇˚∂sf∂tf (16)
is vertical because ∂tf is vertical and ∇˚∂sf preserves vertical vector fields.
Then, by evaluating this equality at (s, t) = (0, 0), we get that X satis-
fies (13). Moreover, since ∇˚∂tf∂tf = [∂tf, ∂sf ] = 0, we get
∇˚∂tf∇˚∂tf∂sf = ∇˚∂tf∇˚∂sf∂tf + ∇˚∂tf (T˚ (∂tf, ∂sf))
= R˚(∂tf, ∂sf)∂tf + ∇˚∂tf (T˚ (∂tf, ∂sf)) .
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By evaluating this equality at s = 0, it follows that X satisfies (12). There-
fore X ∈ J (M,F , γ).
Now take any X ∈ J (M,F , γ), and let
X0 = X(a) , Y0 = ∇˚γ˙(a)X − T˚ (γ˙(a),X0) .
Let ξ : (−ǫ, ǫ) → M (ǫ > 0) be a ∇˚-geodesic with initial conditions ξ(0) =
γ(a) and ξ˙(0) = X0. Let V and W be the ∇˚-parallel tangent vector fields
along ξ with V (0) = γ˙(a) and W (0) = Y0. Note that V and W are vertical
because γ˙(a) and Y0 are vertical, and the ∇˚-parallel transport preserves
vertical vector fields. Let f : [a, b] × (−ǫ, ǫ) → M be the leafwise geodesic
variation of γ given by
f(t, s) = ˚expξ(s)((t− a)(V (s) + sW (s))) .
The corresponding variation field Z ∈ J (M,F , γ) satisfies Z(a) = ∂sf(a, 0) =
ξ˙(0) = X0 and
∇˚γ˙(a)Z − T˚ (γ˙(a), Z0) = ∇˚∂tf∂sf |s=0 − T˚ (∂tf, ∂sf)|s=0 = ∇˚∂sf∂tf |s=0
= ∇˚X0(V (s) + sW (s)) =W (0) = Y0 = ∇˚γ˙(a)X − T˚ (γ˙(a),X0) .
So Z = X by Proposition 5.4. 
Remark 1. Proposition 5.1 also follows from Proposition 5.5 and evaluating
the terms of (16) at s = 0.
Proposition 5.6. Let X ∈ J (M,F , γ) and Y = ∇˚γ˙X − T˚ (γ˙,X). Then
|X(b)|2 + |Y (b)|2 ≤ eC(b−a)
(
|X(a)|2 + |Y (a)|2
)
,
where2
C = max
a≤t≤b
max
{
3, 2|T˚γ(t) |
2|γ˙|2 + 1 + |R˚γ(t)|
2|γ˙|4
}
.
Proof. We have
|∇˚γ˙X|
2 ≤ (|Y |+ |T˚ (γ˙,X)|)2 = |Y |2 + |T˚ (γ˙,X)|2 + 2|Y ||T˚ (γ˙,X)|
≤ 2(|Y |2 + |T˚ (γ˙,X)|2) ≤ 2(|Y |2 + |T˚γ |
2|γ˙|2|X|2) .
So
d
dt
|X|2 = 2(∇˚γ˙X,X) ≤ 2|∇˚γ˙X||X| ≤ |∇˚γ˙X|
2 + |X|2
≤ 2|Y |2 + (2|T˚γ |
2|γ˙|2 + 1)|X|2 .
Moreover, by (12),
d
dt
|Y |2 = 2(∇˚γ˙Y, Y ) = 2(R˚(γ˙,X)γ˙, Y ) ≤ 2|R˚(γ˙,X)γ˙||Y |
≤ |R˚(γ˙,X)γ˙|2 + |Y |2 ≤ |R˚γ |
2|γ˙|4|X|2 + |Y |2 .
2Recall that γ : [a, b] → M is a leafwise geodesic, and therefore |γ˙| is independent of t.
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Thus
d
dt
(
|X|2 + |Y |2
)
≤ C
(
|X|2 + |Y |2
)
for the constant C defined in the statement, and the result follows. 
Like in the study of usual Jacobi fields, γ˙ and (t − a)γ˙ are adapted
Jacobi fields along γ. However it may not be possible to modify some
X ∈ J (M,F , γ) so that it becomes an adapted Jacobi field orthogonal to
γ˙. But we can modify it as follows so that the corresponding modification
of Y = ∇˚γ˙X − T˚ (γ˙,X) is orthogonal to γ˙. Since ∇˚ is metric, and by (14)
and (7),
d
dt
(Y, γ˙) = (∇˚γ˙Y, γ˙) = (R˚(γ˙,X)γ˙, γ˙) = 0 .
Hence (Y, γ˙) is constant, say equal to some c ∈ R, and Y ∗ = Y − cγ˙ is
vertical and orthogonal to γ˙. Moreover X∗ = X − c(t − a)γ˙ ∈ J (M,F , γ)
satisfies
∇˚γ˙X
∗ − T˚ (γ˙,X∗) = ∇˚γ˙X − T˚ (γ˙,X)− cγ˙ = Y
∗ .
6. Normal foliation coordinates
For a fixed point p ∈M , let κp (or simply κ) be the smooth map of some
neighborhood W of 0 in TpM to M defined by
κp(X) = ˚expq(P˚HXVX) ,
where q = ˚expp(HX), and P˚HX : TpM → TqM denotes the ∇˚-parallel
transport along the ∇˚-geodesic t 7→ ˚expp(tHX), 0 ≤ t ≤ 1. Take ˚exp :
V → O, πa : Ua → Σa and ˇexp : Vˇ → Oˇ like in Section 4. By choosing
W small enough, we have W ⊂ V and κ(W ) ⊂ O; thus πa∗(W ) ⊂ Vˇ and
πaκ(W ) ⊂ Oˇ. For X ∈ V , by the definition of κ and (11), we have
πaκ(X) = πaκ(HX) = πa ˚exp(HX) = ˇexp πa∗HX = ˇexpπa∗X . (17)
Like in Proposition 4.1, we get the following from (17).
Proposition 6.1. For X,Y ∈ W , we have X − Y ∈ TpF if and only if
κ(X) and κ(Y ) belong to the same plaque of U .
Proposition 6.2. κ∗ ≡ id : T0(TpM) ≡ TpM → TpM .
Proof. We have κ∗ ≡ id : T0(TpF) ≡ TpF → TpF because, on TpF , κ equals
the exponential map of the leaf Lp. Moreover κ∗(T0(TpF
⊥)) ⊂ TpF
⊥ by the
definition of κ, and (17) induces the commutative diagram
T0(TpF
⊥)
κ∗−−−−→ TpF
⊥
pia∗∗
y ypia∗
T0(Tpia(p)Σ)
ˇexp
∗−−−−→ Tpia(p)Σ ,
where the vertical maps are isomorphisms. Hence κ∗ ≡ id : T0(TpF
⊥) ≡
TpF
⊥ → TpF
⊥. 
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Corollary 6.3. κ defines a diffeomorphism of some neighborhood of 0 in
TpM to some neighborhood of p in M .
By choosing orthonormal references, we get identities TpF
⊥ ≡ Rn
′
and
TpF ≡ R
n′′ . Then, according to Proposition 6.1 and Corollary 6.3, for some
open balls centered at the origin, B′ in Rn
′
and B′′ in Rn
′′
, we can assume
that κ is a diffeomorphism of B′ × B′′ to some open neighborhood U of p,
and κ−1 = x = (x1, . . . , xn) is a foliation chart on U ; it will be said that x
is a system of normal foliation coordinates or normal foliation chart at p.
Write x ≡ (x′, x′′) with x′ = (x1, . . . , xn
′
) and x′′ = (xn
′+1, . . . , xn). We will
use the identity U ≡ B′ ×B′′ given by these coordinates; in particular, the
local transversal defined by x′′ = 0 will be identified with B′×{0}. As usual,
the notation gij is used for the corresponding coefficients of the metric g,
and let (gij) = (gij)
−1. The more explicit notation Up, xp, x
′
p, x
′′
p, x
i
p, x
′i
p ,
x′′ip , g
p
ij and g
ij
p may be also used.
Remark 2. The exponential map ˚exp also gives rise to foliation coordinates
according to Proposition 4.1. The foliation coordinates defined by κ are
used to avoid having to study a more general version of adapted Jacobi
fields (along arbitrary ∇˚-geodesics); specially, to avoid having to estimate
their norm, which would possibly need some adapted version of the Rauch
comparison theorem. With κ, the estimates given by Corollary 5.3 and
Proposition 5.6 will be enough for our purposes. However, the study of
more general adapted Jacobi fields could have its own interest.
7. Coefficients with respect to normal foliation coordinates
Consider the notation of Section 6. The reference ∂1(0), . . . , ∂n(0) of TpM
is orthonormal. Take the ∇˚-parallel transport of ∂1(0), . . . , ∂n(0) along
the geodesics orthogonal to the leaves emanating from p, defining an or-
thonormal frame on B′ × {0}. Then extend this orthonormal frame on
B′ × {0} to U ≡ B′ × B′′ by using the ∇˚-parallel transport along leafwise
geodesics emanating from B′ × {0}. This process produces an orthonor-
mal frame s1, . . . , sn of TM |U . Let θ
1, . . . , θn be the orthonormal refer-
ence of TM∗|U dual to s1, . . . , sn. Write θ
i = aij dx
j and dxi = bij θ
j; thus
(aij) = (b
i
j)
−1, ∂j = a
i
jsi and sj = b
i
j∂i. The orthonormality of θ
1, . . . , θn
means gij dx
i ⊗ dxj = θα ⊗ θα, and therefore
gij = a
α
i a
α
j , g
ij = biαb
j
α . (18)
To emphasize the difference between transverse and leafwise coordinates,
we may use the notation x′i = xi, ∂′i = ∂i and θ
′i = θi for i ≤ n′, and
x′′i = xi, ∂′′i = ∂i and θ
′′i = θi for i > n′. Thus, when using x′i, ∂′i or θ
′i, it
will be understood that i runs in {1, . . . , n′}, and, when using x′′i, ∂′′i or θ
′′i,
it will be understood that i runs in {n′ + 1, . . . , n}. Observe that, on U ,
V = gikg
kj ∂′′j ⊗ dx
′i + ∂′′i ⊗ dx
′′i , H = ∂′i ⊗ dx
′i − gikg
kj ∂′′j ⊗ dx
′i , (19)
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where k runs in {n′ + 1, . . . , n}.
Given any x = (x′, x′′) ∈ B′×B′′, t 7→ (x′, tx′′) is identified with a leafwise
geodesic via the normal foliation chart.
Proposition 7.1. t 7→ ∂′i(x
′, tx′′) is an adapted Jacobi field along the leaf-
wise geodesic t 7→ (x′, tx′′).
Proof. Let e′i denote the ith element of the canonical reference of R
n′ . The
map (t, s) 7→ (x′ + se′i, tx
′′) is a leafwise geodesic variation of t 7→ (x′, tx′′)
whose variation field is t 7→ ∂′i(x
′, tx′′). Hence the result follows from Propo-
sition 5.5. 
The standard index notation is used for the coefficients of any tensor
with respect to the references ∂1, . . . , ∂n and dx
1, . . . , dxn, and the indices
will be underlined in the coefficients with respect to the frames s1, . . . , sn
and θ1, . . . , θn. We may even mix non-underlined and underlined indices.
For instance, T˚ = T˚ i si and R˚ = R˚
i
j si ⊗ θ
j for 2-forms
T˚ i =
1
2
T˚
i
kl dx
k ∧ dxl , R˚
i
j =
1
2
R˚
i
jkl dx
k ∧ dxl ,
where T˚
i
kl = −T˚
i
lk and R˚
i
jkl = −R˚
i
jlk; note that T˚
i
jk = T˚
i(∂j , ∂k) and R˚
i
jkl =
R˚
i
j(∂j , ∂k). This notation is also used for the coefficients of the covariant
derivatives; for example, ∇˚∂m T˚ = T˚
i
;msi and ∇˚∂m T˚
i = (T˚ i);msi for 2-forms
T˚ i;m =
1
2
T˚
i
kl;m dx
k ∧ dxl , (T˚ i);m =
1
2
(T˚ i)kl;m dx
k ∧ dxl ,
where T˚
i
kl;m = −T˚
i
lk;m and (T˚
i)kl;m = −(T˚
i)lk;m. A similar notation is
used for the ∇˚-Christoffel symbols: ∇˚∂k∂j = Γ˚
i
jk∂i and ∇˚∂ksj = Γ˚
i
jksi, and
therefore ∇˚∂kdx
j = −Γ˚jikdx
i and ∇˚∂kθ
j = −Γ˚
j
ikθ
i. By the definition of
s1, . . . , sn, we have
Γ˚
i
jk(0) = 0 , (20)
Γ˚
i
jk(x
′, 0) = 0 ∀x′ ∈ B′ if k > n′ . (21)
Furthermore
T˚
i
kl;m = (T˚
i)kl;m + T˚
j
kl Γ˚
i
jm (22)
because
T˚ i;msi = ∇˚∂m(T˚
jsj) = ∇˚∂m T˚
j sj + T˚
j ∇˚∂msj = ((T˚
i);m + T˚
j Γ˚
i
jm)si .
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The functions aij and b
i
j also relate the tensor coefficients and ∇˚-Cristoffel
symbols with respect to ∂1, . . . , ∂n and s1, . . . , sn; for instance,
T˚ ikl;m1...mr = T˚
α
kl;m1...mr
bαi , T˚
i
kl;m1...mr
= T˚
i
αβ;m1...mr
aαka
β
l , (23)
T˚
i
kl;m1...mr
= T˚
i
kl;γ1...γr
aγ1m1 · · · a
γr
mr , (24)
R˚ijkl;m1...mr = R˚
α
βkl;m1...mr
bαi a
β
j , R˚
i
jkl;m1...mr
= R˚
i
jαβ;m1...mr
aαka
β
l , (25)
R˚
i
jkl;m1...mr
= R˚
i
jkl;γ1...γr
aγ1m1 · · · a
γr
mr
, (26)
Γ˚ijk = Γ˚
α
jkb
i
α , Γ˚
i
jk = ∂ka
i
j + Γ˚
i
αka
α
j . (27)
The connection 1-forms of ∇˚, θ
i
j with respect to s1, . . . , sn and θ
i
j with
respect to ∂1, . . . , ∂n, are given by
3 ∇˚sj = θ
i
jsi and ∇˚∂j = θ
i
j∂i, using
again the non-underlined/underlined index notation; thus θ
i
j = Γ˚
i
jk dx
k and
θij = Γ˚
i
jk dx
k. Observe that θ
i
j = −θ
j
i and θ
i
j = −θ
j
i because ∇˚ is a metric
connection, and
θ
i
j = θ
j
i = 0 if i ≤ n
′ and j > n′ (28)
because ∇˚ preserves the spaces of horizontal and vertical vector fields. The
following well known expressions can be easily checked, either directly, or by
using the structure equations on the principal frame bundle [8, Chap. III,
Theorem 2.4 and p. 145]:
dθi = −θ
i
j ∧ θ
j + T˚ i , 0 = −θij ∧ dx
j + T˚ i , (29)
dθ
i
j = −θ
i
k ∧ θ
k
j + R˚
i
j , dθ
i
j = −θ
i
k ∧ θ
k
j + R˚
k
j . (30)
Consider the normal and leafwise radial vector fields, R′ = x′i ∂′i and
R′′ = x′′i ∂′′i . Also, let r
′ and r′′ be the normal and leafwise radius functions
on U , determined by r′2 = x′i x′i and r′′2 = x′′i x′′i. It is elementary that
R′x′i = x′i , R′x′′i = 0 , R′r′ = r′ ,
R′′x′′i = x′′i , R′′x′i = 0 , R′′r′′ = r′′ ,
obtaining
LR′dx
′i = dx′i , LR′′dx
′′i = dx′′i , LR′dx
′′i = LR′′dx
′i = 0 , (31)
R′(x′i/r′) = LR′(dx
′i/r′) = R′′(x′′i/r′′) = LR′′(dx
′′i/r′′) = 0 , (32)
LR′(dx
′′i/r′) = −dx′′i/r′ , LR′′(dx
′i/r′′) = −dx′i/r′′ . (33)
On B′ × {0}, we have
θ′i(R′) = x′i , θ′′i(R′) = θ
i
j(R
′) = θij(R
′) = 0 , (34)
3The index notation of the connection forms is different from [3].
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and, on the whole of U ,
θ′′i(R′′) = x′′i , θ′i(R′′) = θ
i
j(R
′′) = θij(R
′′) = 0 . (35)
The first equality of (34) holds because, for x ∈ B′ × {0} and 0 ≤ t ≤ 1,
since r′(tx) = t r′(x) and R′/r′ is ∇˚-parallel along the geodesics orthogonal
to the leaves emanating from p, we get
(θ′i(R′/r′))(x) = (θ′i(R′/r′))(tx) =
x′j
r′(x)
(θ′i(∂′j))(tx) ,
which converges to x
′i
r′(x) as t → 0. The same kind of argument proves the
first equality of (35). The other equalities of (34) and (35) follow directly
from the given definitions.
Proposition 7.2. On B′ × {0}, we have
R′Γ˚
i
jk + Γ˚
i
jk = R˚
i
jlk x
′l if k ≤ n′ , (36)
R′Γ˚
i
jk = R˚
i
jlk x
′l if k > n′ , (37)
and, on B′ ×B′′,
R′′Γ˚
i
jk = R˚
i
jlk x
′′l if k ≤ n′ , (38)
R′′Γ˚
i
jk + Γ˚
i
jk = R˚
i
jlk x
′′l if k > n′ . (39)
Proof. On B′ × {0}, by (34) and (30),
LR′θ
i
j = ιR′dθ
i
j = ιR′(dθ
i
j + θ
i
k ∧ θ
k
j ) = ιR′R˚
i
j = R˚
i
jklx
′k dxl , (40)
and, by (31),
LR′θ
i
j = LR′ (˚Γ
i
jk dx
k) = R′Γ˚
i
jk dx
k + Γ˚
i
jk dx
′k ,
giving (36) and (37). The equalities (38) and (39) can be proved with similar
arguments, using (35), (30) and (31). 
For any h ∈ C∞(B′ × {0}) and x ∈ B′ × {0}, the function f(t) = h(tx)
satisfies
tf ′(t) = tx′l∂′lh(tx) = R
′h(tx) . (41)
Similarly, for any h ∈ C∞(B′×B′′) and x = (x′, x′′) ∈ B′×{0}, the function
f(t) = h(x′, tx′′) satisfies
tf ′(t) = tx′′l∂′′l h(x
′, tx′′) = R′′h(x′, tx′′) . (42)
Corollary 7.3. For x ∈ B′ × {0}, we have
Γ˚
i
jk(x) = x
′l
∫ 1
0
τR˚
i
jlk(τx) dτ if k ≤ n
′ , (43)
Γ˚
i
jk(x) = x
′l
∫ 1
0
R˚
i
jlk(τx) dτ if k > n
′ . (44)
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For x = (x′, x′′) ∈ B′ ×B′′, we have
Γ˚
i
jk(x) = Γ˚
i
jk(x
′, 0) + x′′l
∫ 1
0
R˚
i
jlk(x
′, τx′′) dτ if k ≤ n′ , (45)
Γ˚
i
jk(x) = x
′′l
∫ 1
0
τR˚
i
jlk(x
′, τx′′) dτ if k > n′ . (46)
Proof. Fix x ∈ B′ × {0}. If k ≤ n′, the function f(t) = t˚Γ
i
jk(tx) satisfies
f ′(t) = (˚Γ
i
jk +R
′Γ˚
i
jk)(tx) = tx
′lR˚
i
jlk(tx)
by (41) and (36), obtaining (43). If k > n′, the function f(t) = Γ˚
i
jk(tx)
satisfies
f ′(t) =
1
t
R′Γ˚
i
jk(tx) = x
′lR˚
i
jlk(tx)
by (41) and (37), obtaining (44) since f(0) = 0 by (20).
The proofs of (45) and (46) are similar, using (42), (38) and (39). 
For any multi-index I = (i1, . . . , in), with ir ∈ N, let
|I| = i1 + · · · + in , ∂I = ∂
i1
1 · · · ∂
in
n ,
|I|′ = i1 + · · · + in′ , ∂
′
I = ∂
i1
1 · · · ∂
in′
n′ ,
|I|′′ = in′+1 + · · ·+ in , ∂
′′
I = ∂
in′+1
n′+1 · · · ∂
in
n .
By taking derivatives of (43)–(46), we get the following.
Corollary 7.4. For x0 ∈ B
′ × {0}, we have
∂′I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′
(∂′I(x 7→ x
′lR˚
i
jlk(x)))(τx0) dτ
if k ≤ n′, and
∂′I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′−1(∂′I(x 7→ x
′lR˚
i
jlk(x)))(τx0) dτ
if k > n′ and |I|′ > 0. For x0 = (x
′
0, x
′′
0) ∈ B
′ ×B′′, we have
∂I Γ˚
i
jk(x0) = ∂
′
I Γ˚
i
jk(x
′
0, 0) + x
′′l
0
∫ 1
0
(∂I(x 7→ R˚
i
jlk(x)))(x
′
0, τx
′′
0) dτ
if k ≤ n′ and |I|′′ = 0,
∂I Γ˚
i
jk(x0) = ∂
′
I Γ˚
i
jk(x
′
0, 0)
+
∫ 1
0
τ |I|
′′−1(∂I(x 7→ x
′′lR˚
i
jlk(x)))(x
′
0, τx
′′
0) dτ
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if k ≤ n′ and |I|′′ > 0, and
∂I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′′
(∂I(x 7→ x
′′lR˚
i
jlk(x)))(x
′
0, τx
′′
0) dτ
if k > n′.
The following result is a version with non-underlined indices of Proposi-
tion 7.2, and follows with the same arguments.
Proposition 7.5. On B′ × {0}, we have
R′Γ˚ijk + Γ˚
i
jk = R˚
i
jlk x
′l if k ≤ n′ ,
R′Γ˚ijk = R˚
i
jlk x
′l if k > n′ ,
and, on B′ ×B′′,
R′′Γ˚ijk = R˚
i
jlk x
′′l if k ≤ n′ ,
R′′Γ˚ijk + Γ˚
i
jk = R˚
i
jlk x
′′l if k > n′ .
A direct consequence of Proposition 7.5 is
Γ˚ijk(0) = 0 ,
Γ˚ijk(x
′, 0) = 0 ∀x′ ∈ B′ if k > n′ .
Then the following corollaries of Proposition 7.5 can be proved like Corol-
laries 7.3 and 7.4.
Corollary 7.6. For x ∈ B′ × {0}, we have
Γ˚ijk(x) = x
′l
∫ 1
0
τR˚ijlk(τx) dτ if k ≤ n
′ ,
Γ˚ijk(x) = x
′l
∫ 1
0
R˚ijlk(τx) dτ if k > n
′ .
For x = (x′, x′′) ∈ B′ ×B′′, we have
Γ˚ijk(x) = Γ˚
i
jk(x
′, 0) + x′′l
∫ 1
0
R˚ijlk(x
′, τx′′) dτ if k ≤ n′ ,
Γ˚ijk(x) = x
′′l
∫ 1
0
τR˚ijlk(x
′, τx′′) dτ if k > n′ .
Corollary 7.7. For x0 ∈ B
′ × {0}, we have
∂′I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′
(∂′I(x 7→ x
′lR˚ijlk(x)))(τx0) dτ
if k ≤ n′ and |I|′ > 0, and
∂′I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′−1(∂′I(x 7→ x
′lR˚ijlk(x)))(τx0) dτ
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if k > n′. For x0 = (x
′
0, x
′′
0) ∈ B
′ ×B′′, we have
∂I Γ˚
i
jk(x0) = ∂
′
I Γ˚
i
jk(x
′
0, 0) + x
′′l
0
∫ 1
0
(∂I(x 7→ R˚
i
jlk(x)))(x
′
0, τx
′′
0) dτ
if k ≤ n′ and |I|′′ = 0,
∂I Γ˚
i
jk(x0) = ∂
′
I Γ˚
i
jk(x
′
0, 0)
+
∫ 1
0
τ |I|
′′−1(∂I(x 7→ x
′′lR˚ijlk(x)))(x
′
0, τx
′′
0) dτ
if k ≤ n′ and |I|′′ > 0, and
∂I Γ˚
i
jk(x0) =
∫ 1
0
τ |I|
′′
(∂I(x 7→ x
′′lR˚ijlk(x)))(x
′
0, τx
′′
0) dτ
if k > n′.
Let
F ijkl = Γ˚
m
klT˚
i
mj − Γ˚
m
kjT˚
i
ml + (T˚
i)kj;l − (T˚
i)kl;j + T˚
m
lj T˚
i
km .
Proposition 7.8. On B′ × {0}, we have
(R′
2
+R′)aij = (R˚
i
klj + F
i
jkl)x
′lx′k + T˚
i
kjx
′k if i, j ≤ n′ , (47)
(R′
2
+R′)aij = F
i
jklx
′lx′k + T˚
i
kjx
′k if j ≤ n′ < i , (48)
(R′
2
−R′)aij = (R˚
i
klj + F
i
jkl)x
′lx′k if i ≤ n′ < j , (49)
(R′
2
−R′)aij = F
i
jklx
′lx′k if n′ < i, j . (50)
On B′ ×B′′, we have
(R′′
2
−R′′)aij = F
i
jklx
′′lx′′k if i, j ≤ n′ , (51)
(R′′
2
−R′′)aij = (R˚
i
klj + F
i
jkl)x
′′lx′′k if j ≤ n′ < i , (52)
(R′′
2
+R′′)aij = F
i
jklx
′′lx′′k if i ≤ n′ < j , (53)
(R′′
2
+R′′)aij = (R˚
i
klj + F
i
jkl)x
′′lx′′k if n′ < i, j . (54)
Proof. We only prove (47)–(50) because the proof of (51)–(54) is analogous,
observing that T˚
i
kj = 0 for k, j > n
′ by (2).
On B′ × {0},
LR′θ
′i = ιR′dθ
′i + dιR′θ
′i
= ιR′(−θ
i
k ∧ θ
k + T˚ i) + dx′i = (θ
i
k + ι∂′k T˚
i)x′k + dx′i
by (29) and (34), and
LR′θ
′′i = ιR′dθ
′′i + dιR′θ
′′i = ιR′(−θ
i
k ∧ θ
k + T˚ i) = ι∂′
k
T˚ ix′k
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by (29), (34) and (28). Hence, by (33) and (40),
r′ LR′
1
r′
LR′θ
′i = (LR′θ
i
k + LR′ι∂′k T˚
i)x′k
= (R˚
i
kljx
′l dxj + ιR′dι∂′
k
T˚ i + dιR′ ι∂′
k
T˚ i)x′k , (55)
r′ LR′
1
r′
LR′θ
′′i = LR′ι∂′
k
T˚ i x′k = (ιR′dι∂′
k
T˚ i + dιR′ι∂′
k
T˚ i)x′k . (56)
Since ∇˘ is torsion free, we have [10, Proposition 4.1]
dι∂′
k
T˚ i = dxj ∧ ∇˘∂j(ι∂′k T˚
i) = dxj ∧ (ι∇˘∂j ∂
′
k
T˚ i + ι∂′
k
∇˘∂j T˚
i) . (57)
But
∇˘∂j∂
′
k = ∇˚∂j∂
′
k −
1
2
T˚ (∂j , ∂
′
k) = (˚Γ
m
kj − T˚
m
jk/2)∂m ,
and
(∇˘∂j T˚
i)(∂α, ∂β) = ∂j(T˚
i(∂α, ∂β))− T˚
i(∇˘∂j∂α, ∂β)− T˚
i(∂α, ∇˘∂j∂β)
= ∂j(T˚
i(∂α, ∂β))− T˚
i(∇˚∂j∂α, ∂β)− T˚
i(∂α, ∇˚∂j∂β)
+
1
2
(
T˚ i(T˚ (∂j , ∂α), ∂β) + T˚
i(∂α, T˚ (∂j , ∂β))
)
= (∇˚∂j T˚
i)(∂α, ∂β) + (T˚
m
jα T˚
i
mβ + T˚
m
jβ T˚
i
αm)/2
= (T˚ i)αβ;j + (T˚
m
jα T˚
i
mβ + T˚
m
jβ T˚
i
αm)/2 ,
yielding
∇˘∂j T˚
i =
1
2
(
(T˚ i)αβ;j + (T˚
m
jα T˚
i
mβ + T˚
m
jβ T˚
i
αm)/2
)
dxα ∧ dxβ .
So
ι∇˘∂j∂
′
k
T˚ i = (˚Γmkj − T˚
m
jk/2)T˚
i
mβ dx
β ,
ι∂′
k
∇˘∂j T˚
i =
(
(T˚ i)kβ;j + (T˚
m
jk T˚
i
mβ + T˚
m
jβ T˚
i
km)/2
)
dxβ ,
obtaining
dι∂′
k
T˚ i =
(
Γ˚mkjT˚
i
mβ + (T˚
i)kβ;j + T˚
m
jβ T˚
i
km/2
)
dxj ∧ dxβ (58)
by (57), and therefore
ιR′dι∂′
k
T˚ i = F ijklx
′l dxj . (59)
Moreover
dιR′ι∂′
k
T˚ i x′k = −ιR′ι∂′
k
T˚ i dx′k = −T˚
i
klx
′l dx′k = T˚
i
lkx
′l dx′k (60)
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because ιR′ι∂′
k
T˚ i x′k = ιR′ιR′ T˚
i = 0. Then, by (55), (56), (59) and (60),
r′ LR′
1
r′
LR′θ
′i = ((R˚
i
klj + F
i
jkl)x
′l + T˚
i
kj)x
′k dx′j
+ (R˚
i
klj + F
i
jkl)x
′lx′k dx′′j , (61)
r′ LR′
1
r′
LR′θ
′′i = (F ijklx
′l + T˚
i
kj)x
′k dx′j
+ F ijklx
′lx′k dx′′j . (62)
On the other hand,
LR′θ
i = LR′(a
i
j dx
j) = R′aij dx
j + aijLR′dx
j
= R′aij dx
j + aij dx
′j = (R′aij + a
i
j) dx
′j +R′aij dx
′′j
by (31), yielding
r′ LR′
1
r′
LR′θ
i = (R′
2
aij +R
′aij) dx
′j + (R′
2
aij −R
′aij) dx
′′j (63)
by (32) and (33). Now (47)–(50) follow by equating the corresponding co-
efficients in (61)–(63). 
Given |t| ≤ 1, let ξij(t, x) = a
i
j(tx) for x ∈ B
′ × {0}, and ξˆij(t, x) =
aij(x
′, tx′′) for x = (x′, x′′) ∈ B′ ×B′′. For functions f = f(t, x), the deriva-
tives with respect to t are denoted by f ′.
Corollary 7.9. For x ∈ B′ × {0}, we have
ξ′ij(t, x) = tx
′lx′k
∫ 1
0
u2(R˚
i
klj + F
i
jkl)(tux) du + x
′k
∫ 1
0
uT˚
i
kj(tux) du (64)
if i, j ≤ n′,
ξ′ij(t, x) = tx
′lx′k
∫ 1
0
u2F ijkl(tux) du+ x
′k
∫ 1
0
uT˚
i
kj(tux) du (65)
if j ≤ n′ < i,
ξ′ij(t, x) = ξ
′
ij(0, x) + tx
′lx′k
∫ 1
0
(R˚
i
klj + F
i
jkl)(tux) du (66)
if i ≤ n′ < j, and
ξ′ij(t, x) = ξ
′
ij(0, x) + tx
′lx′k
∫ 1
0
F ijkl(tux) du (67)
if n′ < i, j. For x = (x′, x′′) ∈ B′ ×B′′, we have
ξˆ′ij(t, x) = ξˆ
′
ij(0, x) + tx
′′lx′′k
∫ 1
0
F ijkl(x
′, tux′′) du (68)
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if i, j ≤ n′,
ξˆ′ij(t, x) = ξˆ
′
ij(0, x) + tx
′′lx′′k
∫ 1
0
(R˚
i
klj + F
i
jkl)(x
′, tux′′) du (69)
if j ≤ n′ < i,
ξˆ′ij(t, x) = tx
′′lx′′k
∫ 1
0
u2F ijkl(x
′, tux′′) du (70)
if i ≤ n′ < j, and
ξˆ′ij(t, x) = tx
′′lx′′k
∫ 1
0
u2(R˚
i
klj + F
i
jkl)(x
′, tux′′) du (71)
if n′ < i, j.
Proof. Let us prove (65) and (67). By using (41) with h = aij and h = R
′aij,
we get
tξ′ij(t, x) = R
′aij(tx) , t
2ξ′′ij(t, x) + tξ
′
ij(t, x) = R
′2aij(tx) . (72)
In the case j ≤ n′ < i, we get
(t2ξ′ij)
′(t, x) = t2ξ′′ij(t, x) + 2tξ
′
ij(t, x) = (R
′2 +R′)aij(tx)
= t2Fijkl(tx)x
′lx′k + tT˚
i
kj(tx)x
′k
by (72) and (48), obtaining (65) by integration:
t2ξ′ij(t, x) = x
′lx′k
∫ t
0
τ2Fijkl(τx) dτ + x
′k
∫ t
0
τ T˚
i
kj(τx) dτ
= t3x′lx′k
∫ 1
0
u2Fijkl(tux) du+ t
2x′k
∫ 1
0
uT˚
i
kj(tux) du .
In the case n′ < i, j, we get
t2ξ′′ij(t, x) = (R
′2 −R′)aij(tx) = t
2Fijkl(tx)x
′lx′k
by (72) and (50), obtaining (67) by integration:
ξ′ij(t, x)− ξ
′
ij(0, x) = x
′lx′k
∫ t
0
Fijkl(τx) dτ = tx
′lx′k
∫ 1
0
Fijkl(tux) du .
The other equalities of the statement have similar proofs, using the cor-
responding equalities of Proposition 7.8, and using (42) instead of (41) to
get (68)–(71). 
Corollary 7.10. There are polynomials
• PαβIij (respectively, P̂
αβ
Iij ) (depending only on I, i, j, α and β) in t,
u, x, and in the value of the functions R˚
∗
∗∗∗, T˚
∗
∗∗, T˚
∗
∗∗;∗, Γ˚
∗
∗∗, Γ˚
∗
∗∗ and
a∗∗ at tux (respectively, (x
′, tux′′)); and
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• QIij (respectively, Q̂Iij) (depending only on I, i and j) in t, x, and
in the value of the partial derivatives up to order |I|−1 of R˚
∗
∗∗∗, T˚
∗
∗∗,
T˚
∗
∗∗;∗, Γ˚
∗
∗∗, Γ˚
∗
∗∗ and a
∗
∗ at tux (respectively, (x
′, tux′′)),
such that the following properties hold. For x ∈ B′ × {0}, we have
(∂′Iξij)
′(t, x) =
∫ 1
0
PαβIij ∂
′
Iξαβ(tu, x) du +
∫ 1
0
QIij du
if j ≤ n′, and
(∂′Iξij)
′(t, x) = (∂′Iξij)
′(0, x) +
∫ 1
0
PαβIij ∂
′
Iξαβ(tu, x) du +
∫ 1
0
QIij du
if j > n′. For x ∈ B′ ×B′′, we have
(∂I ξˆij)
′(t, x) = ∂′I ξˆ
′
ij(0, x) +
∫ 1
0
P̂αβIij ∂I ξˆαβ(tu, x) du +
∫ 1
0
Q̂Iij du
if j ≤ n′, and
(∂I ξˆij)
′(t, x) =
∫ 1
0
P̂αβIij ∂I ξˆαβ(tu, x) du +
∫ 1
0
Q̂Iij du
if j > n′.
Proof. This follows by taking partial derivatives of the equalities of Corol-
lary 7.9, using the expressions of R˚
i
klj and T˚
i
kj given in (25) and (23), and
since
F ijkl = Γ˚
m
klT˚
i
αδa
α
ma
β
j + Γ˚
m
kjT˚
i
αδa
α
ma
β
l + (T˚
i
αβ;γa
γ
l − T˚
m
αβΓ˚
i
ml)a
α
ka
β
j
− (T˚
i
αβ;γa
γ
j − T˚
m
αβΓ˚
i
mj)a
α
ka
β
l + T˚
γ
αβ T˚
i
δγa
α
l a
β
j a
δ
k
by (22) and (23). 
Remark 3. From (23) and (27), we can get an expression of F ijkl involving
the Christoffel symbols Γ˚
∗
∗∗ (with two underlined coefficients). But this
expression also involves derivatives of a∗∗. For this reason, the functions Γ˚
∗
∗∗
are used in Corollary 7.10. Thus Corollaries 7.6 and 7.7 will be needed to
find bounds of the partial derivatives of Γ˚∗∗∗, so that Corollary 7.10 can be
applied to find bounds of the partial derivatives of a∗∗.
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Let us use the multi-index notation also for covariant derivatives; for
example, for any multi-index I = (i1, . . . , in), let
∇˚i1∂1 · · · ∇˚
in
∂n
R˚ =
1
2
R˚ijkl;I dx
k ∧ dxl ⊗ ∂i ⊗ dx
j
=
1
2
R˚
i
jkl;I dx
k ∧ dxl ⊗ si ⊗ θ
j ,
∇˚i1∂1 · · · ∇˚
in
∂n
T˚ =
1
2
T˚ ikl;I dx
k ∧ dxl ⊗ ∂i
=
1
2
T˚
i
kl;I dx
k ∧ dxl ⊗ si ,
with
R˚ijkl;I = −R˚
i
jlk;I , R˚
i
jkl;I = −R˚
i
jlk;I ,
T˚ ikl;I = −T˚
i
lk;I , T˚
i
kl;I = −T˚
i
lk;I .
Obviously,
R˚ijkl;I = ∂IR˚
i
jkl + PIijkl , T˚
i
kl;I = ∂I T˚
i
kl +QIikl , (73)
where PIjkl (respectively, QIkl) is a polynomial in the partial derivatives
up to order |I| − 1 of the functions R˚∗∗∗∗ (respectively, T˚
∗
∗∗) and Γ˚
∗
∗∗, which
depends only on I, i, j, k and l (respectively, I, i, k and l).
Lemma 7.11. We have
R˚
i
jkl;I = ∂IR˚
i
jkl + PIijkl , T˚
i
kl;I = ∂I T˚
i
kl +QIikl ,
where PIjkl (respectively, QIkl) is a polynomial in the partial derivatives up
to order |I| − 1 of the functions R˚
∗
∗∗∗ (respectively, T˚
∗
∗∗), Γ˚
∗
∗∗ and a
∗
∗, which
depends only on I, i, j, k and l (respectively, I, i, k and l).
Proof. The first equality is a version of [15, Lemma 2.18], which follows with
the same arguments, and the second equality has a similar proof. 
8. Bounded geometry
Recall the following terminology for a Riemannian manifold N . The in-
jectivity radius of N at a point p is the supremum of all r > 0 such that the
exponential map is defined and is a diffeomorphism on the open r-ball of
center 0 in TpN . The injectivity radius of N is the infimum of the injectivity
radii at all of its points.
The leafwise injectivity radius of F is the injectivity radius of the disjoint
union of the leaves. On the other hand, given a defining cocycle {Ua, πa, hab}
of F and a covering {Qa} of M consisting of compact sets Qa ⊂ Ua, the
transverse injectivity radius of F , with respect to {Ua, πa, hab} and {Qa}, is
the infimum of the injectivity radii of Σ =
⊔
aΣa at the points of
⊔
a πa(Qa),
with respect to the induced metric. The condition of having a positive trans-
verse injectivity radius is independent of {Ua, πa, hab} and {Qa} satisfying
the stated conditions.
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Definition 8.1. It is said that F is of bounded geometry if it has positive
leafwise and transverse injectivity radii, and the functions |∇mR|, |∇mT|
and |∇mA| are uniformly bounded on M for every m ∈ N.
Remark 4. If F is of bounded geometry, then the disjoint union of its leaves
is of bounded geometry by (4) and (8).
Examples 8.2. (i) Trivially, Riemannian foliations on compact mani-
folds are of bounded geometry for any bundle-like metric.
(ii) Let F be a Riemannian foliation of bounded geometry on a connected
manifold M with a bundle-like metric g. Then the lift of F to any
connected covering M˜ of M , equipped with the lift g˜ of g, is of
bounded geometry.
(iii) Let H be a connected Lie group equipped with a left-invariant Rie-
mannian metric g˜, and let L ⊂ H be a connected Lie subgroup.
Then the right translates of L define a Riemannian foliation F˜ on
H, which is of bounded geometry with the bundle-like metric g˜. If
moreover L ⊳ H and Γ ⊂ H is a discrete subgroup, then F˜ and
g˜ descend to Γ\H, defining a Riemannian foliation F of bounded
geometry with a bundle-like metric g.
(iv) Let F be a codimension one foliation almost without holonomy on
a compact manifold M ; thus the leaves with non-trivial holonomy
group are compact. Suppose that F has a finite number of leaves
with non-trivial holonomy groups, whose union is a closed submani-
fold C ⊂M . Then the restriction of F to M \C is Riemannian and
has bounded geometry for some bundle-like metric [1].
(v) Changes of a Riemannian foliation or bundle-like metric in a compact
region preserves the bounded geometry condition.
Theorem 8.3. With the above notation, F is of bounded geometry if and
only if there is a normal foliation chart xp = (x
1
p, . . . , x
n
p ) : Up → B
′ × B′′
at each p ∈ M such that the balls B′ and B′′ are independent of p, and the
corresponding metric coefficients gpij and g
ij
p , as family of smooth functions
on B′×B′′ parametrized by i, j and p, lie in a bounded subset of the Fre´chet
space C∞(B′ ×B′′).
Proof. To prove the “if” part, take normal foliation coordinates xp : Up →
B′×B′′ at each p ∈M satisfying the conditions of the statement. Then the
injectivity radius of the leaf Lp at p is obviously greater or equal than the
Euclidean radius of B′′ since each restriction x′′p : Up ∩Lp → B
′′ is a system
of normal coordinates of Lp at p. Thus F has a positive leafwise injectivity
radius.
After shrinking the open covering {Up} if necessary, we can assume that
there is a defining cocycle of the form {Up, x
′
p, hpq}, with p, q ∈ M and
x′p : Up → B
′. Then, with the metric induced by each π′p, the injectivity
radius of B′ at the point πp(p) = 0 equals the Euclidean radius of B
′. So
the condition to have positive transverse injectivity radius is satisfied with
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{Up, x
′
p, hpq} and the covering of M by the sets Qp = {p}. On the other
hand, by using (19) and the expression of the Christoffel symbols of the Levi-
Civita connection in terms of the metric coefficients [5, Chapter 2, page 56],
it follows that the coefficients of R, T and A with respect to the foliation
charts xp have polynomial expressions in terms of the coefficients g
p
ij and
gijp and their partial derivatives, obtaining easily from the hypothesis that
|∇mR|, |∇mT| and |∇mA| are uniformly bounded on M for every m ∈ N.
Now assume that F is of bounded geometry to prove the “only if” part.
Since F has positive leafwise and transverse injectivity radii, it easily follows
that there are normal foliation coordinates xp : Up → B
′×B′′ at each p ∈M
with B′ and B′′ independent of p. We will use the following terminology: for
functions of the metric coefficients and their partial derivatives with respect
to these charts, saying that they are uniformly bounded on B×B′ will mean
that they are uniformly bounded as functions of x ∈ B′ × B′′ and p ∈ M .
This kind of terminology will be also used on B′ × {0}, as well as for the
condition of being uniformly bounded away from zero. Let us drop the index
p from the notation, like in Section 7.
By (18), it is enough to prove that the functions ∂Ia
i
j and ∂Ib
i
j are uni-
formly bounded on B′ ×B′′, independently of p, for each multi-index I.
According to [7, 14, 15], the functions ∂′Igij and ∂
′
Ig
ij are uniformly
bounded on B′ × {0}, independently of p, for all I and i, j ≤ n′. More-
over gij = g
ij = δij on B
′×{0} if max{i, j} > n′. Then, by Propositions 7.1
and 5.6, and Corollary 5.3, the functions gii are uniformly bounded and
uniformly bounded away from zero, independently of p, on B′×B′′. There-
fore all functions gij and g
ij are uniformly bounded, independently of p,
on B′ × B′′. This also means that the functions aij and b
i
j are uniformly
bounded, independently of p. Then, according to [15, Lemma 2.17], it is
indeed enough to prove that the functions ∂′Ia
i
j are uniformly bounded on
B′×B′′ for each I, independently of p. To establish this property, we show
by induction on r ∈ N that the partial derivatives up to order r of a∗∗, R˚
∗
∗∗∗,
T˚
∗
∗∗, R˚
∗
∗∗∗ and T˚
∗
∗∗, as well as the partial derivatives up to order r− 1 of Γ˚
∗
∗∗
and Γ˚∗∗∗, are uniformly bounded on B
′ ×B′′, independently of p.
In the case r = 0, we have already indicated that a∗∗ is uniformly bounded,
independently of p. Also T˚
∗
∗∗ and R˚
∗
∗∗∗ are uniformly bounded, indepen-
dently of p, because the frame s1, . . . , sn is orthonormal, and |T˚ | and |R˚|
are uniformly bounded on M by (2)–(6). Hence R˚∗∗∗∗ and T˚
∗
∗∗ are uniformly
bounded, independently of p, by (23)–(26). In this case there is nothing to
prove about Γ˚
∗
∗∗ and Γ˚
∗
∗∗.
Now suppose that the stated property holds for some natural r, and let
us show it for r+1. Since |∇mR|, |∇mT| and |∇mA| are uniformly bounded
on M for all m, it follows by (1)–(6) that |∇˚mT˚ | and |∇˚mR˚| are uniformly
bounded on M for all m. So all functions T˚
∗
∗∗;∗...∗ and R˚
∗
∗∗∗;∗...∗ are uniformly
24 J.A. A´LVAREZ LO´PEZ, Y.A. KORDYUKOV, AND E. LEICHTNAM
bounded, independently of p, because s1, . . . , sn is orthonormal. By (23)–
(26), it follows that T˚
∗
∗∗;∗···∗, R˚
∗
∗∗∗;∗···∗, T˚
∗
∗∗;∗···∗ and R˚
∗
∗∗∗;∗···∗ are also uniformly
bounded, independently of p. Using (73), Lemma 7.11 and the induction
hypothesis, we get that the partial derivatives up to order r of T˚
∗
∗∗, R˚
∗
∗∗∗,
T˚ ∗∗∗ and R˚
∗
∗∗∗ are uniformly bounded, independently of p. Hence the partial
derivatives up to order r of Γ˚
∗
∗∗ and Γ˚
∗
∗∗ are uniformly bounded, indepen-
dently of p, by Corollaries 7.3, 7.4, 7.6 and 7.7. Then, using again (73)
and Lemma 7.11, we get uniform bounds, independent of p, also for the
partial derivatives of order r + 1 of T˚
∗
∗∗, R˚
∗
∗∗∗, T˚
∗
∗∗ and R˚
∗
∗∗∗. Therefore, by
Corollary 7.10 and the induction hypothesis, there are some C1, C2 ≥ 0,
independent of p, such that
|(∂′Iξij)
′(t, x0)| ≤ C1 max
α,β, 0≤τ≤t
|∂′Iξαβ(τ, x0)|+ C2 ,
|(∂I ξˆij)
′(t, x)| ≤ C1 max
α,β, 0≤τ≤t
|∂I ξˆαβ(τ, x)| + C2 ,
for all x0 ∈ B
′×{0}, x ∈ B′×B′′, I, i and j with |I| = r+1. Using these in-
equalities and the argument of the end of the proof of [15, Theorem 2.5(a1)],
we get that ∂Ia
i
j(x) = ∂I ξˆij(1, x) is uniformly bounded, independently of
p. 
Remark 5. By Theorem 8.3 and (10), if F is of bounded geometry in our
sense, then it satisfies Sanguiao’s definition of bounded geometry [13, Defi-
nition 2.7].
Suppose from now on that F is of bounded geometry, and consider the
foliation charts xp : Up → B
′ ×B′′ given by Theorem 8.3.
Proposition 8.4. There is some r > 0 such that the injectivity radius of
M is ≥ r and B(p, r) ⊂ Up for all p ∈ M ; in particular, M is of bounded
geometry.
Proof. If B′ × B′′ were a closed manifold, then the result would follow im-
mediately from the well-known continuity of the injectivity radius on closed
manifolds [6, 12]. Since B′ × B′′ is not compact, we embed it into a closed
manifold to apply that result.
Let φ : B′ ×B′′ → N be a smooth open embedding into any fixed closed
manifold N , necessarily of dimension n. Let q = φ(0) and V = φ(B′ ×B′′),
and let W be an open neighborhood of q in N with W ⊂ V . Let {λ, µ} be a
partition of unity of N subordinated to the open covering {V,N \W}. For
each p ∈M , let gp = g|Up , which is considered as a metric in V via φxp. Fix
any metric g′ on N . According to Theorem 8.3, the metrics g′p = λgp + µg
′
form a bounded subset in the Fre´chet space of Riemannian metrics on N
with the C∞ topology. By the continuity of the injectivity radius on closed
manifolds [6, 12], it follows that there is some r > 0 such that the injectivity
radius of (N, g′p) at q is ≥ r for all p ∈ M . Moreover we can assume that
the open g′p-ball of center q and radius r is contained in W for all p. Then
the result follows. 
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Let us use the notation ∂p,i, ∂p,I and Γ˚
i
p,jk to indicate that ∂i, ∂I and Γ˚
i
jk
are defined by xp.
Proposition 8.5. For each m ∈ N, there is some Cm > 0 such that
|∂I(xqx
−1
p )| ≤ Cm on xp(Up ∩ Uq) for all p, q ∈ M and multi-indices I
with |I| ≤ m.
Proof. We adapt the proof of [14, Theorem A.22].
Consider first the case where q ∈ Up. By (19) and the expression of the
Christoffel symbols of ∇ in terms of the metric coefficients [5, Chapter 2,
page 56], the functions Γ˚ip,jk are given by expressions involving the functions
gijp , g
p
ij and their partial derivatives. Moreover the ∇˚-geodesics in Up are
given by a second order ODE, and the ∇˚-parallel transport along these ∇˚-
geodesics is given by a first order ODE, both of them involving the functions
Γ˚ip,jk. Then, by Theorem 8.3 and [14, Corollary A.25], there is some C0,m >
0, independent of p and q, such that |∂p,I(xqx
−1
p )| ≤ C0,m around xp(q) for
all multi-index I with |I| ≤ m.
In the arbitrary case, given any q0 ∈ Up ∩ Uq, we apply the above case
to xqx
−1
q0
and xq0x
−1
p , and use the chain rule with the expression xqx
−1
p =
(xqx
−1
q0
)(xq0x
−1
p ) around xp(q0). 
For m ∈ N, let Cmb (M) be the set of C
m functions f on M such that
there is some Cm ≥ 0 so that |∇
kf | ≤ Cm if k ≤ m. Let ‖f‖Cm
b
be
the smallest constant Cm satisfying this condition with each f ∈ C
m
b (M).
This defines a norm ‖ ‖Cm
b
on Cmb (M), obtaining a Banach space. Observe
that Cm+1b (M) ⊂ C
m
b (M), continuously, for each m, and let C
∞
b (M) :=⋂
m C
m
b (M) with the corresponding Fre´chet topology. By Theorem 8.3, the
norm ‖ ‖Cm
b
is equivalent to the norm ‖ ‖′Cm
b
, where ‖f‖′Cm
b
is the smallest
constant C ′m ≥ 0 such that |∂p,If | ≤ C
′
m on Up for all p ∈ M and multi-
indices I with |I| ≤ m. By Proposition 8.5, another equivalent norm is
defined in the same way by taking only a subset of points p so that the
corresponding sets Up cover M .
Let r′0 and r
′′
0 denote the Euclidean radii of the balls B
′ and B′′. For
0 < r′ ≤ r′0 and 0 < r
′′ ≤ r′′0 , let B
′
r′ and B
′′
r′′ denote the balls in R
n′
and Rn
′′
centered at the origin with radii r′ and r′′, respectively, and set
Up,r′,r′′ = x
−1
p (B
′
r′ ×B
′′
r′′). Observe that
Up,r′,r′′ ⊂ B(p, r
′ + r′′) . (74)
Proposition 8.6. Let r′, r′′ > 0 with 2r′ ≤ r′0 and 2r
′′ ≤ r′′0 . Then the
following properties hold:
(i) There is a collection of points pi in M , and there is some N ∈ N
such that the sets Upi,r′,r′′ cover M , and each intersection of N + 1
sets Upi,2r′,2r′′ is empty.
(ii) There is a partition of unity {φi} subordinated to the open covering
{Upi,2r′,2r′′}, which is bounded in the Fre´chet space C
∞
b (M).
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Proof. By Proposition 8.4, there is some r1 > 0 such that B(p, r1) ⊂ Up,r′,r′′
for all p ∈ M . Take a family of points pi in M so that {B(pi, r1/2)} is a
maximal collection of disjoint balls of radius r1/2, whose existence is given
by Zorn’s lemma. Then {B(pi, r1)} covers M , and therefore {Upi,r′,r′′} also
covers M . Let r2 = 2r
′ + 2r′′. By Proposition 8.4 and [14, Lemma 3.20],
there is some N ∈ N such that
volB(p, r1 + r2) ≤ N volB(p, r1/2) (75)
for all p ∈M . If some point p belongs to N+1 sets Upi,2r′,2r′′ , then it belongs
to N +1 balls B(pi, r2) by (74). It follows that B(p, r1+ r2) contains N +1
of the disjoint balls B(pi, r1/2), which contradicts (75). This shows (i).
To prove (ii), take C∞ functions, ρ′ on B′ and ρ′′ on B′′, such that
0 ≤ ρ′ ≤ 1, 0 ≤ ρ′′ ≤ 1, suppρ′ ⊂ B′2r′ , suppρ
′′ ⊂ B′′2r′′ , ρ
′ = 1 on Br′ , and
ρ′′ = 1 on Br′′ . Let ψi be the C
∞ function on M supported in Upi such
that ψix
−1
pi
(x′, x′′) = ρ′(x′)ρ′′(x′′) for all (x′, x′′) ∈ B′ ×B′′. Clearly, {ψi} is
a bounded subset of C∞b (M), and, by (i), ψ =
∑
i ψi is a positive function
in C∞b (M), as well as 1/ψ. Hence (ii) follows with φi = ψi/ψ. 
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